The Hugenholtz-Pines (HP) theorem for Bose-Einstein condensates (BECs) with internal degrees of freedom has been an open problem, in particular, in the field of quantum gases for spinor BECs. We here exactly clarified the HP theorem where an original Hamiltonian has a U(1)×SO(N ) or U(1)×SU(N ) symmetry, but applied to it are SO(N ) or SU(N ) symmetry breaking external fields. This identity serves to organize the HP theorem of the spin-f spinor BEC in the presence of a magnetic field with broken U(1)×SO(3) symmetry.
A Ward-Takahashi identity -an exact relation between correlation functions -is very important for physics, which reflects the symmetry that a system has. The Hugenholtz-Pines (HP) theorem -a relation between self-energies of a one-particle Green's functionis one of those Ward-Takahashi identities for a BoseEinstein condensate (BEC) [1] , which ensures a gapless Nambu-Goldstone mode owing to the spontaneously broken U(1) symmetry. This theorem plays a criterial role in developing theories for scalar BECs [2] , such as superfluid liquid 4 He as well as ultracold gaseous atomic BECs without internal degrees of freedom. In recent ultracold atomic gases, on the other hand, spin-1, 2, and 3 BECs have been realized [3] [4] [5] [6] [7] [8] , where U(1)×SO(3) symmetry is broken. Nevertheless, the HP theorem in the spinor BECs has been an unsolved problem except the polar phase in the spin-1 Bose gas [9] . We have had no criteria for developing theories for spinor BECs, and here encounter the first question; (i) What is the HP theorem for spinor BECs with spontaneously broken U(1)×SO(3) symmetry?
In ultracold atomic spinor BECs, on the other hand, a magnetic field breaks SO(3) symmetry. In ferromagnetic spinor BECs, for example, a transverse spin excitation is gapped in the presence of the magnetic field [10, 11] , although the nature of this ferromagnetic spin mode may be still related to the SO(3) symmetry. However, we have had no exact words that explain the connection between this gapped excitation and the SO(3) symmetry in spinor BECs. Inspired by this problem, we here encounter a general question; (ii) What theorem is behind those gapped excitations and the symmetry in the case where symmetry breaking external fields are remained?
The HP theorem is thus now highly desired for the spin-f spinor BEC with broken U(1)×SO(3) symmetry for the needs of recent experiments as well as theories. In the absence of a magnetic field, the problem (i) for spontaneously broken continuous symmetry case may be solved by directly applying the Goldstone-SalamWeinberg equality [12] . However, since this equality is derived by using the invariance of the effective action under the symmetry transformation, this proof is not directly applied to the spinor BECs in the presence of a magnetic field that breaks SO(3) symmetry. We need other routes to derive a generalized identity in the case where symmetry breaking external fields are remained.
We here exactly clarified the HP theorem with broken U(1)×SO(N ) or U(1)×SU(N ) symmetry in the presence of SO(N ) or SU(N ) symmetry breaking external fields. This generalized HP theorem, the main result in this Letter, is summarized in the following way:
where G −1 (0) is the inverse Green's function in the static and low-momentum limits, G α a generator of U(1)×SO(N ) or U(1)×SU(N ) symmetry, Φ the order parameter, H ′ the SO(N ) or SU(N ) symmetry breaking external fields, Γ [Gα,H ′ ] (0) the three-point correlation function in the static and low-momentum limits including the commutation relation [G α , H ′ ]. These quantities are given in the Nambu-space, and we have omitted for simplicity. The effect of the symmetry breaking external fields is included through the non-commutativity between the symmetry generator and the symmetry breaking external fields. The identity (1) serves to deductively organize the HP theorem for not only spin-f spinor BECs with the broken U(1)×SO(3) symmetry, but also various kinds of superfluids, widely ranging from condensed matter physics to particle physics, with broken more complex continuous symmetry, which answers two questions (i) and (ii) raised above.
We prove the identity (1) by making use of the linear response theory. Consider that the action S 0 [ψ * i , ψ i ] has a U(1)×SO(N ) or U(1)×SU(N ) symmetry, which may include two-body and higher-body interactions of bosonic fields with internal degrees of freedom ψ i=1,··· ,r . Let g α=1,··· ,n be generators of the symmetry group of the action S 0 , where n is the dimension of this symmetry group. The number of the internal degrees of freedom r corresponds to the dimension of the representation of the generator g α , and it is convenient to introduce the Nambu representation Ψ(
, where dx ≡ β 0 dτ dr. We also introduce the action S ′ that includes the SO(N ) or SU(N ) symmetry breaking external fields h
The action S ′ may be rewritten as
The total action S ≡ S 0 + S ′ + S J has the following symmetry. Let G α be a generator of the symmetry group of S 0 in the Nambu-space, given by
The action S is invariant under a unitary transformation at once
The action S is, on the other hand, not invariant under the transformation Ψ(x) → U α Ψ(x) alone, owing to the presence of the symmetry breaking external fields J and H ′ . We study the linear response of the bosonic field Ψ in the case where the gauge of the symmetry breaking external fields is slightly but globally turned, such that
, where U α ≃ 1 + iǫ α G α with an infinitesimally small parameter ǫ α . The total action then reads S + ǫ α S ǫα , where S ǫα ≡ S ǫα,J + S ǫα,H ′ with
The linear response of the bosonic field with respect to the input action ǫ α S ǫα may be given by
is the partition function. We have also defined the notation
Within the first order of ǫ α , we obtain the relation
Here, the Green's function
In the momentum and bosonic Matsubara frequency space with k = (p, iω n ), the identity reads
where we have assumed a contact type external field
Multiply (8) by G −1 (k) with taking the static limit iω n = 0, and then take the zero momentum limit p → 0. If the gauge of the symmetry breaking fields is statically turned, then the gauge of the output bosonic field is statically dragged with the same amount as that in the input action, which provides δ Ψ J † ,J,ǫα = iǫ α G α Ψ J † ,J . Finally make the source currents infinitesimally small J, J † → 0. We have thus proved the HP theorem (1), where Φ = lim
The three-point correlation function Γ [Gα,H ′ ] in the identity (1) originates from the fact that the symmetry breaking potential H ′ is of one-body. If the SO(N ) or SU(N ) symmetry breaking action S ′ is extended to an n-body potential, then the HP theorem may include (2n + 1)-point correlation functions.
It is inevitable to discuss cases in the absence of the symmetry breaking fields H ′ . The HP theorem is given by G −1 (0)G α Φ = 0, which is identical to the GoldstoneSalam-Weinberg identity [12] , where G α Φ may be an eigenvector of the zero eigenvalue. In the spontaneously broken U(1) symmetry case in a scalar BEC, the HP theorem is given by G ) are the diagonal and offdiagonal self-energies, respectively. Here, we have assumed the order parameter to be real Φ 0 = Φ * 0 . This is consistent with the proof of the HP theorem for the scalar BEC, which was done by Hohenberg and Martin [13, 14] .
We also briefly comment on another HP theorem in the spontaneously broken U(1) symmetry. In superfluid Fermi gases, it has been known that within the Gaussian pair fluctuation approximation, a collective mode of the Cooper-pair fluctuation becomes gapless when the theory satisfies the gap equation [15] . The physics behind this is also the HP theorem for the BCS-BEC crossover. This Hamiltonian with a contact interaction U (> 0) is given by
, where Ψ σ is the Grassmann variable with the pseudo-spin σ =↑, ↓, and m the atomic mass. Integrating out these fermionic fields after introducing the Hubbard-Stratonovich transformation with an auxiliary field ∆(x), we obtain the effective action S eff = S 0 + S GF (φ, φ * ) after employing the stationary phase approximation [15] , where S 0 is the stationary value of the action with the stationary solution Φ ≡ (∆ 0 , ∆ *
)
T . The action including the Gaussian pair fluctuation is given by
T − Φ is fluctuations of the order parameter, and Γ −1 (k) the vertex function given by
with the correlation function χ s,s
. Here, we have taken the system volume to be unity, and G(k) ≡ iω n − (ǫ p − µ)σ 3 + ∆ 0 σ 1 is the mean-field Green's function, where iω n is the fermionic Matsubara frequency, and σ ± ≡ (σ 1 ± σ 2 )/2. The HP theorem is given by Γ −1 (0)IΦ = 0 [16] , which provides
where we have assumed the order parameter to be real ∆ 0 = ∆ * 0 . This identity (10) may be reduced into the gap equation 0 = U −1 − p tanh(βE p /2)/(2E p ) in the Gaussian pair fluctuation approximation, where
holds, we obtain detΓ −1 (0) = 0, which provides the gapless excitation in the Cooper-pair fluctuations.
We next discuss the relation between the identity (1) and the Bogoliubov approximation in the spin-f spinor BEC in the presence of a magnetic field.
In the Bogoliubov approximation, the action is reduced into the quadratic form given by
, where S 0 is the stationary value of the action.
Here, the fluctuation in the Nambu-space φ(k) is given by φ(k)
T , the dimension of which is 4f +2, and G −1
is the Green's function in the Bogoliubov approximation, where I 2f +1 is the identity matrix of dimension 2f + 1, and the Hamiltonian has the following form [11] 
The dimension of H (0) p as well as H (1,2) is 2f + 1. Since the expectation value in the Bogoliubov approximation is organized by the Gaussian integrals, the three-point correlation function Γ [Gα,H ′ ] (0) is exactly absent in this level, and the identity (1) in the Bogoliubov approximation is reduced into the following form
In the spin-f spinor BEC, a generator G α corresponds to I = F (I 2f +1 ) as well as
where f x,y,z are spin matrices, whose dimension of the representation is 2f + 1. We apply the identity (12) to spin-1 and 2 spinor BECs in the Bogoliubov approximation. The Hamiltonian
z represents the linear and quadratic Zeeman effects that break the SO(3) symmetry. Here, p is the linear Zeeman energy, and q the quadratic Zeeman energy. In the spin-1 BEC, we have
where n is the total density,
T / √ n, and c 0,1 are coupling constants of the spin-independent and spindependent interaction, respectively [11] . In the spin-2 BEC, we have
, where c 2 is the coupling constant of the spinsinglet pair interaction, a 00 ≡ ζ T P 0 ζ the spin-singlet pair amplitude per particle, and P 0 the Clebsch-Gordan coefficient matrix, given by (P 0 ) m1,m2 = 0, 0|f, m 1 ; f, m 2 for f = 2 [11] . Taking each corresponding order parameter [11] , we can analytically confirm the consistency between the HP theorem (12) and the Bogoliubov theory in the static and low-momentum limits in the ferromagnetic, antiferromagnetic, polar, as well as brokenaxisymmetry phases in the spin-1 BEC. In the spin-2 BEC with each corresponding order parameter [11] , we can also analytically confirm that the identity (12) exactly holds in the ferromagnetic F 2 and F 1 phases, the uniaxial and biaxial nematic (UN and BN) phases, the cyclic and C 2,3,4 phases, as well as the D ′ 2 phase. In the UN and BN phases in the absence of a magnetic field, quasi-Nambu-Goldstone modes emerge in the Bogoliubov approximation, for the mean-field ground state energy has the hidden U(1)×SO(5) symmetry [17] . We can find that the identity (12) also holds for those quasi-Nambu-Goldstone modes, given in the form G [17] .
We finally study the exact HP theorem for spin-1 and 2 spinor BECs in the presence of a magnetic field. The three point correlation function is given by the vector form
F∓,i (−q) is found to hold for the spin-1 and 2 spinor BECs, where we have used γ ijk (q) = γ * ikj (−q). In general, the number of the correlation function γ ijk reaches (2f + 1)
3 , for example, 27 for the spin-1 BEC, and 125 for the spin-2 BEC. However, since the two-body interaction in the spinor BEC conserves the total spin of two interacting atoms, the number of γ ijk is drastically suppressed. Since matrices [f ± , h ′ ] are sparse, furthermore, the number of γ ijk that directly contributes to Γ F± (p) may be further suppressed.
For example, in the ferromagnetic phase of the spin-1 BEC with ζ = (1, 0, 0) T , the number of γ ijk that conserves the total spin of two interacting atoms is 6, among which Γ F+, (p) is given by the linear combination of γ * T . Because of the total spin conservation of two interacting atoms, the self-energy matrix is also sparse [18] . The identity (1) then provides the following relations
For the representation of the self energy Σ ab i,j , two subscripts represent the spin index, and superscripts distinguishes normal and anomalous self-energies. By solving the Dyson equation
p , with (13) and (14), we find that [G 11 (12) +1,+1 (0)] −1 = 0, where we have used the compact notation G ab i,j (0) ≡ lim p→0 G ab i,j (p, iω n = 0). This indicates the presence of a gapless excitation in G 11 (12) +1,+1 , regardless of the presence of a magnetic field. We also find identities
The ferromagnetic transverse spin mode given by G 
where A (17) and (18), we find that [G 11 (12) 0,0 (0)] −1 = 0, which indicates the presence of a gapless excitation. We also find that excitations given by G ±1,∓1 are found to be gapped in the presence of a magnetic field, but those exactly turn gapless in the absence of a magnetic field, when Γ S±,±1 (0) = p = q = 0. The HP theorem has been also simply determined in the antiferromagnetic and polar phases in the spin-1 BEC, as well as the ferromagnetic F +2 and F +1 , biaxial nematic, as well as cyclic phases in the spin-2 BEC [20] .
In summary, we have exactly clarified the HugenholtzPines (HP) theorem with the broken U(1)×SO(N ) or U(1)×SU(N ) symmetry in the presence of the SO(N ) or SU(N ) symmetry breaking external fields. By applying this generalized theorem to the spinor BEC with broken U(1)×SO(3) symmetry, we have deductively organized the HP theorem for those systems even in the presence of a magnetic field. This theorem may play a criterial role in developing theories for various kinds of superfluids, widely ranging from condensed matter physics to particle physics, in the case where symmetry breaking external fields are remained. Since the derivation is general, this identity may be extended to ordered phases other than BECs in the presence of symmetry breaking external fields.
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